Let L be a quartic number field with a quadratic subfield K. In 1986 Kawamoto gave a necessary and sufficient condition for L to have a normal relative integral basis (NRIB) over K. In this paper the authors explicitly construct a NRIB for L/K when such exists using their previous work on relative integral bases. The special cases when L is bicyclic, cyclic and pure are examined in detail.
Introduction
Let L be a quartic number field with quadratic subfield K-Q(Vc), where Q denotes the rational number field. Then L-Q(V c , Vα-l-frVc), where a+bV^ is not a square in Q(V~c~), and where a, b and c may be taken to be integers with both c and the greatest common divisor (a, b) squarefree. Let OL (resp. O κ ) denote the ring of integers of L (resp. K). In this paper we assume that L has a relative integral basis (RIB) over K, and determine when L has a normal relative integral basis (NRIB) over K. Those L which have a relative integral basis (RIB) over K have been characterized in [9] . It is shown in [9, Theorem 2] In Section 2 we prove the following theorem, which extends a theorem of Kawamoto [5, Theorem 7] . (i) α=l(2), 6=0(4), α'=l(4), (ii) α = l(2), 6=0(4), α'=3(4), c=-l, (iii) α=l(2), 6=0(4), α'Ξ=3(4), c>0, (iv) α=0(4), 6=2(4), a = c+l(S), α'=l(4), (v) α=0(4), 6=2(4), fl=c+l(8), α'Ξ=3(4), c=-l, (vi) α=0(4), 6=2(4), α = c+l(8), α'Ξ=3(4), c>0, fΞ=0(2), u=l (2) .
In Sections 3, 4 and 5 we investigate the special cases when L is cyclic, bicyclic, and pure respectively. We determine when the existence of a RIB and a squarefree relative discriminant are both necessary and sufficient for the existence of a NRIB. [6] , [7] has given a necessary and sufficient condition for a quadratic field K to be a subfield of a cyclic quartic field L possessing a NRIB over K.
Proof of Theorem 1
Let L -Q(Vc, Va+bVc) and K-Q(^c), where a, b, c are integers such that (a, b) and c are squarefree, and a+bV~c^(£K 2 .
We suppose that L possesses a RIB over K, and take the RIB in the form {1, κ\, where K is given by (1.1).
Before proving Theorem 1, we prove four lemmas. We denote the group of units of O κ by U κ .
LEMMA 1. Let the fields L and K be as specified above. If the relative discriminant d(L/K} is not squarefree, then L/K does not possess a NRIB.
Proof. Let {1, κ\ be the RIB for L/K specified above, and suppose that L/K possesses a NRIB, say, {a+βκ, a+βκ'}, where a, β^O κ and κ r denotes the conjugate of tc over K. As {a+βκ, a+βκ'\ is a RIB for L/K, there exist λ, φ^O κ with
Taking the conjugates of (2.1) over K, we obtain
From (2.1) and (2.2), we see that λ=φ. 
Equating coefficients of V μ/2γ in (2.6), we obtain 1-(p-τ)β, showing that β<ΞU κ . We define λ^U κ by λ=l/β, and, from (2.5), we deduce that 2\λ-θ, and a NRIB for L/K is In Lemma 4 we make use of Lemma 3 to determine λ^U κ satisfying (2.4) when such λ exists. ; is odd, so that w=l (mod 2), and thus ί=0 (mod 2). By Theorem 1 (c~3 (mod 4), (ivj, (vi)) L/K has a NRIB. Π
Examples
We conclude this paper with some examples. 
